o 



X 



Thick Spanier groups and the first shape 

group 

^ Jeremy Brazas and Paul Fabel 

O 

July 6, 2012 

1—5 

ly-j Abstract 

We develop a new route through which to explore ker ^x, the kernel of 
the Til— shape group homomorphism determined by a general space X, and 

O establish, for each locally path connected, paracompact Hausdorff space X, 
ker is precisely the Spanier group of X. 

■3 

g 1 Introduction 

It is generally challenging to understand the fundamental group of a locally 
T-H complicated space X. A common tactic is to consider the image Wx{t[i{X,Xo)) 

>^ as a subgroup of the first shape homotopy group tii(X,Xo) via the natural 

homomorphism : 'Ti(X, Xq) —> 7ti(X, Xp) arising from the Cech expansion. 
In particular, if is injective, X is said to be TZj-shape injective and one gains 
T— I a characterization of the elements of 7ii(X,xo) as sequences in an inverse limit 

of fundamental groups of polyhedra. Thus ker ^x can be thought of as the 
data of the fundamental group forgotten when passing to the first shape group. 
CsJ In this paper, we develop a new lens in which to study Wx and identify new 

characterizations of ker ^x in terms of familiar subgroups of the fundamental 
> group. 

The Spanier group 7i^''(X,Xo) of a space X, introduced in ITIll , is a subgroup 
of TTi (X, Xq) useful for identifying loops deformable into arbitrarily small neigh- 
ed borhoods |17, 21, 22 J. Moreover the existence of generalized covering maps 

EHIISI is intimately related to both n^P{X, xq) and ker ^x- 

It is apparently an open question to understand exactly when 7t^p(X,xo) = 
ker ^x- On the one hand, for a general space X, the inclusion n^P{X, Xq) c ker ^x 
holds mi. On the other hand, examples show inclusion can be strict if X fails to 
be non-locally path connected flT. 12]. Our main result. Theorem 35 captures 
a decent class of spaces such that n^P{X,xo) - ker ^x- 

If X is a locally path connected paracompact Hausdorff space, then ker ^x pre- 
cisely the Spanier group n^P{X,xo). 
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In particular if X is a Peano continuum then ker = Tt^P(X,xo)- A variety 
of 2-dimensional examples help motivate this paper's content as follows. 

The occurrence of Tij-shape injectivity (i.e. the vanishing of ker ^x) has 
been studied in a number of cases: For example if X has Lebesgue covering 
dimension < 1 [7, 3 1, if X is a subspace of a closed surface (or a planar set) [ 13 1, 
or if X is a fractal-like tree of manifolds |11], then ker^x = 1- The equality 
n^P{X,xo) = ker^x now indicates X is Tii-shape injective iff 7t^''(X,xo) = 1. 

At the other extreme, the equality ker ^x = ^i(X,^o) can happen if X is a 
2-dimensional Peano continuum (e.g. if X is the join of two cones over the 
Hawaiian earring). In particular, this equality will occur if every loop in X is a 
"small loop" [21 , 22] or, more generally, if X is a Spanier space [17J. For such 
spaces, understanding 7Ti(X,Xo) is equivalent to understanding ker Wx- 

Finally, there is a rich "middle ground" where ker Wx lies strictly between 
1 and 7Ti(X,Xo)- Two important such Peano continua appear in [4, 12J, one of 
which is "homotopically path Hausdorff" and one of which is "strongly homo- 
topically path Hausdorff". In both cases, the verification of the aforementioned 
properties and the attempts to manufacture generalized notions of covering 
spaces, rely heavily on an understanding of 7t^''(X,Xo)- 

To investigate when ker Wx - n^^{X, Xq), we first modify the familiar defini- 
tion. The Spanier group with respect to an open cover ^ (denoted n^P{'^,XQ)) 
was introduced in Spanier's celebrated textbook ||20] . Recall 7t^''(X,Xo) is de- 
fined as the intersection of the groups 7t^p(^,xo) over all open covers '?/ . While 
the usual groups n^^{'^ ,xq) are useful for studying covering space theory and 
its generalizations, our modified version, the so-called thick Spanier group of 
X with respect to ^ (denoted ri^P{'^ ,xo)) is useful for studying the shape ho- 
momorphism ^x- Iri particular, the main technical achievement of this paper. 
Theorem [l9l states: 

If ^ is an open cover consisting of path connected sets and p^/ : X |N('^)| is a 
canonical map to the nerve of then there is a short exact sequence 

1 \ nSP(^,Xo) > 7Ii(X,Xo) 7Ii(|N(^)|, LJo) > 1 • 

The utility of this short exact sequence is the identification of a convenient 
set of generators of herp^^t- The same sequence with the ordinary Spanier 
group 7T^P(^,xo) in place of n^P('^,Xo) fails to be exact even in simple cases: 
See Example [6] 

This paper is structured as follows: 

In Section 2, we include necessary preliminaries on simplicial complexes 
and review the constructions of the Cech expansion of a space X in terms of 
canonical maps p^^/ : X —> \N{'^)\ (where |N('^)| is the nerve of an open cover 
of X), the first shape group, and the homomorphism ^x- 
In Section 3, we define and study thick Spanier groups and their relationship 
to ordinary Spanier groups. Thick Spanier groups are constructed by specifying 
generators represented by loops lying in pairs of intersecting elements of ; 
Section 4 is then devoted to characterizing generic elements of n^P(^,xo) in 
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terms of a homotopy-like equivalence relation on loops which depends on the 
given open cover ^ . 

Section 5 is devoted to a proof of Theorem 
the above sequence. 

Sections 6 and 7 include applications of the above level short exact se- 
quences: In Section 6, we obtain an exact sequence: 

1 > n^i'{X,xo) >■ 7ii(X,xo) > 7ti(X,xo) 

and thus identify ker and n^^{X, xq) for a large class of spaces (See Theorem 
[35| . Finally, in Section 7, we find application in the theory of a topologically 
enriched version of the fundamental group. By construction, the first shape 
group fti(X,xo) is the inverse limit of discrete groups; the fundamental group 
ni(X,xo) inherits the structure of a topological group when it is given the 
pullback topology with respect to (the so-called shape topology). We apply 
the above results to identify a convenient basis for the topology of 7Ti(X, xq) and 
show this topology consists precisely of the data of the covering space theory 
of X. 



19 guaranteeing the exactness of 



2 Preliminaries and Definitions 

Throughout this paper, X is assumed to be a path connected topological space 
with basepoint Xq. 

2,1 Simplicial complexes and paths 

We call upon the theory of simplicial complexes in standard texts such as ||T6] 
and IT95. Much of the notation used is in line with these sources. 

If K is an abstract or geometric simplicial complex and n > is an integer, X„ 
denotes the n-skeleton of K and if c is a vertex of K, St{v, K) and St{v, K) denote 
the open and closed star of the vertex v respectively. When K is abstract, |X| 
denotes the geometric realization. If vertices v\, v„ span an n-simplex of \K\, 
then [vi,V2, c„] denotes the n-simplex with the indicated orientation. Finally, 
for each integer n >0, sd"\K\ denotes the n-th barycentric subdivision of K. 

We frequently make use of the standard abstract 2-simplex A2 which consists 
of a single 2-simplex and its faces and whose geometric realization is IA2I = 
{{h, t2) e K^\ti +t2<l, h, t2 > 0}. The boundary dA2 c A2 is the 1-skeleton (A2)i 
and its realization |^A2| is homeomorphic to the imit circle. If K is a geometric 
subcomplex of a subdivision of IA2I containing the origin, then the origin is 
assumed to be the basepoint. 

We use the following conventions for paths and loops in simplexes and 
general spaces. A path in a space X is a map p : [0,1] X from the unit 
interval. The reverse path of p is the path given by p{t) - p{l-t) and the constant 
path at a point x eX will be denoted c^. If pi, p2-, p,, : [0, 1] ^ X are paths in X 



3 



such that py(l) - py+i(0), the concatenation of this sequence is the unique path 
sometimes denoted *".^^pj, whose restriction to is py. 

Apathp : [0,1] X is a Zoop if p(0) = p(l). Quite often it will be convenient to 
view a loop as a map \d^2\ ^ where |(?A2| is identified with [0, l]/{0, 1} = c 
]R2 by an orientation preserving homeomorphism in R^. A loop p : |^A2| X 
is inessential if it extends to a map IA2I —> X and is essential if no such extension 
exists. Two loops p,p' : |^A2| X are freely homotopic if there is a homotopy 
H : |5A2|x[0,l] ^ X such that H(x,0) = p(x) andH(x, 1) = p'(x). If p,p' are loops 
based at xq e X, then they are homotopic rel. basepoint if there is a homotopy H 
as above such that H({(0, 0)) x [0, 1]) = Xq. 

We use special notation for edge paths in a geometric simplicial complex K: If 
Vi, V2 are vertices in K, we identify the oriented 1-simplex [^1,^2] with the linear 
path from vertex vi to V2 on [i7i,z'2]- Similarly, [v,v] denotes the constant path 
at a vertex v. An edge path is a concatenation E = [vq, ci] * [cj, 5^2] * ■ ■ ■ * [^n-i/ ^«] 
of linear or constant paths in the 1-skeleton of K. If £(0) - £(1), then £ is an edge 
loop. It is a well-known fact that all homotopy classes (rel. endpoints) of paths 
from Co to vi are represented by edge paths. 

2.2 The Cech expansion and the first shape group 

We now recall the construction of the first shape homotopy group 7ti(X, Xq) via 
the Cech expansion. For more details, see ||T6ll . 

Let 0{X) be the set of open covers of X direct by refinement. Similarly, let 
0{X, Xq) be the set of open covers with a distinguished element containing the 
basepoint, i.e. the set of pairs Uq) where e 0{X), Ug & and xq e Uq. 
We say {Y, Vq) refines C^, Uq) if ^ refines as a cover and Vq c Uq. 

The nerve of a cover ('^, Uq) e 0{X,xq) is the abstract simplicial complex 
N{^) whose vertex set is N('^)o = and vertices Aq,...,A„ e span an 
n-simplex if ri/Lo^; 0- The vertex Uq is taken to be the basepoint of the 
geometric realization |N('^)|. Whenever (1^, Vq) refines {'^,Uo), construct a 
simplicial map p^r : N{y) N{'^) , called a projection, given by sending a 
vertex V e N{y) to a vertex U e such that V QU. In particular, Vq must be 
sent to Uq. Any such assignment of vertices extends linearly to a simplicial map. 
Moreover, the induced map Ip^^rl : 1^(^)1 \N{'^)\ is unique up to based 
homotopy. Thus the homomorphism p<})/r. : tii(|N(1^)|, Vq) ^ tii{\N{'^)\,Uo) 
induced on fundamental groups is independent of the choice of simplicial map. 

Recall that an open cover of X is normal if it admits a partition of unity 
subordinated to ^ . Let A be the subset of 0{X, xq) (also directed by refinement) 
consisting of pairs (^, Uq) where is a normal open cover of X and such 
that there is a partition of unity {(pu]ue'^ subordinated to with (pUg{xQ) - 1. 
It is well-known that every open cover of a paracompact Hausdorff space X 
is normal. Moreover, if {'^ ,Uq) e 0{X,xq), it is easy to refine {'^,Uo) to a 
cover {y,Vo) such that Vq is the only element of Y containing xq and therefore 
{y,VQ)eA. Thus, for paracompact Hausdorff X, A is cofinal in 0{X, Xq). 
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The first shape homotopy group is the inverse limit 

7ti(X,xo) = lim(Hi(|]V(^)|,Uo),p*r„A). 

Given an open cover {'^, Uq) e 0{X,xo), a map p^ : X ^ |N(^)| is a (based) 
canonical map if p^^{St{U,N{'^))) c U for each Lf e and p^(xo) = Uq- Such a 
canonical map is guaranteed to exist Uq) e A: find a locally finite partition 

of imity {(pu]u€'i/ subordinated to such that (pu„{xo) = 1. When U e and 
X e U, determine pa^/ (x) by requiring its barycentric coordinate belonging to the 
vertex Lf of |N(^)| to be <pu{x)- According to this construction, the requirement 
(pu„{xo) = 1 gives p^(xo) = Uq. 

A canonical map p^?/ is unique up to based homotopy and whenever Vq) 
refines ('^, Uq); the compositions p^2/ r ° Vt ^^'i P"^ ^1"^ homotopic as based 
maps. Therefore the homomorphisms p^?/, : 7Ti(X,xo) 7ii(|]V(^)|, Uq) satisfy 
pa/^'ft o p-yt = p^*- These homomorphisms induce a canonical homomorphism 

: 7ii(X,xo) fti(X,xo) given by ^x([«]) = {[P"T/ ° a]) 

to the limit. 

It is of interest to characterize ker^x since, when kerWx = 1, fri(X,Xo) 
retains all the data in the fundamental group of X. A space for which ker M^x - 1 
is said to be m-shape injective. 

3 Thick Spanier groups and their properties 

We begin by recalling the construction of Spanier groups 11121 [20l . Let X denote 
the set of homotopy classes (rel. endpoints) of paths starting at xq, i.e. the star 
of the fundamental groupoid of X at Xq- As in | 20 1, multiplication of homotopy 
classes of paths is taken in the f imdamental groupoid of X so that [a][j3] = [a*/3] 
when a(l) = j3(0). 

Definition 1. Let ^ be an open cover of X. The Spanier group of X with respect 
to is the subgroup of ni(X,Xo)/ denoted 7t^p('^,Xo), generated by elements of 
the form [a][y][a] where [a] e X and y : [0, 1] ^ U is a loop based at a(l) for 
some (J e ^. 

Note, in the above definition, \a\ is left to vary among all homotopy (rel. 
endpornt) classes of paths starting at Xq and ending at y(0) = y(l). Thus 
TC'^ifi/ ,Xq) is a normal subgroup of 7ii(X,Xo). Also observe that if 1^ is an open 
cover of X which refines then jv"i'{y ,xq) c 7i^p('^,xo). 

Definition 2. The Spanier group of X is the intersection 

7lSP(X,Xo)= [\ 7tSP(^,Xo) 

of all Spanier groups with respect to open covers of X. Equivalently, 7t^p(X, xq) is 
the inverse limit lim ti^p('^, xq) of the inverse system of inclusions Ti^P{y, xq) 
n^P('2^,xo) induced by refinement in 0{X). 
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Note the Spanier group of X is a normal subgroup of ni(X,xo)- 

Remark 3. In the previous two definitions, we are actually using the unbased 
Spanier group as defined by the authors of fT2]. These authors also define the 
based Spanier group by replacing covers with covers by pointed sets; the two 
definitions agree when X is locally path cormected. The unbased version is 
sufficient for the purposes of this paper since our main results apply to locally 
path connected spaces. 

To study Wx, we require similar but potentially larger versions of the Spanier 
groups constructed above. 

Definition 4. Let be an open cover of X. The thick Spanier group of X 
with respect to ^ is the subgroup of ni(X,xo), denoted Tl^P{'^,xo), generated 
by elements of the form [a][yi][y2][«] where [a] e X and yi : [0, 1] — > Ui and 
72 '■ [0, 1] U2 are paths for some Ui, U2 e 




Figure 1: A loop representing a generator of the thick Spanier group of X with 
respect to 

Proposition 5. For every open cover ^ of X, n^P('^,xo) is a normal subgroup of 
Tii(X,xo) such that n^v{^ ,xq) c n^P(^,xo). IfY is an open cover ofX which refines 
then nSP(y,Xo) £ H^^i'^ ,Xo). 

Proof. The subgroup TI^P{'W,Xq) is normal in tti(X,Xo) for the same reason 
7i^P('^,xo) is normal. We have n^>'{'^,xo) c I\^P{'^ ,xq) since the generators 
[«][>'i][?^2][«] of n^''(^,xo) where 71,72 have image irxUi = U2 ^ ^ are pre- 
cisely the generators of ti^''('^,xo)- The second statement follows as it does for 
ordinary Spanier groups. □ 

Example 6. It is not necessarily true that 7t^''(^,xo) = Il^P{'^ ,xq) even in the 
simplest cases. Suppose = {Ui, /J2} is an open cover of the unit circle X = 
consisting of two connected intervals Lfi, U2 such that Ui n U2 is the disjoint 
union of two connected intervals. Since both U\, U2 are simply connected, we 
have 7i^P(^,xo) = 1- On the other hand, Y\^V{'W ,xq) contains a generator of 
Tti(Si,xo) and thus n^P{^,xo) = ni{S^,XQ). 
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Remark 7. Spanier groups and thick Spanier groups with respect to covers are 
natural in the following sense: If / : X ^ Y is a map such that /(xq) - i/o arid W 
is open cover of Y, then /"^^^ = {/~^(W)|VV e #'} is an open cover of X. Observe 
if /, : 7Ti(X,Xo) — > ni(Y, i/o) is the homomorphism induced on fundamental 
groups, then /,(nSp (/-I #',xo)) c n^P{W,yo)andMn^P{f-^W,Xo)) c n^P{W,yo). 

Definition 8. The thick Spanier group of X is the intersection 

of all thick Spanier groups with respect to open covers of X. Equivalently 
n^''(X,xo) is the inverse limit lim n^P{'^,Xo) of the inverse system of inclusions 
n^P{y,Xo) n^P{'^,Xo) induced by refinement in 0{X). 

The following proposition follows directly from previous observations. 

Proposition 9. For every space X, t[^p{X,Xo) c n^P(X,Xo)- If every open cover ^ 
of X admits a refinement Y such that Tl^P{y,xo) c n^P{'^,xo), then Tl^P{X,xo) = 
n^nX,xo). 

We apply Proposition |9] to find two conditions (those in Proposition 10 and 
Theorem [13| guaranteeing the equality of the Spanier group and thick Spanier 
group. 

Proposition 10. IfY is an open cover ofX such that V n V is path connected (or 
empty) for every pair V,V' e Y ,thenIl^P{'f' ,xo) = n^P{y,xo). Consequently, if every 
open cover '^ofX has an open refinement y with this property, then n^P(X, xq) = 
n^nX,xo). 

Proof. Suppose Y is as in the statement of the proposition. It suffices to show 
Tl^P{y,xo) Qjv'P{r,xo). Let g = [a][yi][y2][«] be a generator of n^P{r,Xo) 
where [a] e X, and y, : [0, 1] V, for V, e f. Since, by assumption, Vi n V2 
is path connected and the points Xj = a(l) and X2 = = ^2(0) both lie in 
Vi n V2, there is a path jS : [0, 1] ^ Vi n V2 from xj to X2. Note gi = [a][yi*^][a] 
andg2 ~ [a][jS*y2][«] are generators of 7T^P('^,xo). Since g = gig2/ it follows that 
g e n^P{y,xo). The second statement in the current proposition now follows 
from Proposition |9] □ 

Example 11. Let K be a geometric simplicial complex and z; e X be a vertex. It is 
well-known that the open star St{v, K) is contractible (and thus path connected). 
Therefore .Y = {St{v, K)\v e K] is an open cover of K such that n^P{,5^, vq) = 1. 

Moreover, if St{vi,K) n St{v2,K) + 0, then the open 1-simplex (ci,z'2) c 
St(v\,K) n St{v2,I^i and hence there is a canonical strong deformation from 
St(iOx, K) n St{v2, K) onto {vi, 172). For a given point p e St{vi, K) n St{v2, K), fix the 
coefficients of v\ and V2 while linearly contracting to the remaining barycentric 
coordinates of p. Hence, since (^1,02) is contractible, St{vi,K) n St{v2,K) is 
contractible and, in particular, path connected. Thus it follows from Proposition 



10 that n^P{.y,vo) = n^P{.y,vo) = 1. 
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It is known that ti^p(X,xo) £ ker for any space X: see Proposition 4.8 of 
lU?!. Thus the Spanier group of X vanishes whenever X is Tii-shape injective. 



We use Proposition 10 to prove the analogous inclusion for the thick Spanier 
group; note the proof is similar to that in lilil . 

Proposition 12. For any space X, n^''(X,xo) £ ker Wx- 

Proof. Let g e n^''(X,Xo) and suppose {'^,Uo) ^ ^- It suffices to show g e 
kerp^^.. Recall that for each U e ^, we have p~J.{St{U,N{'^))) c U. Therefore 
r = {p^{St{U,N{'^)))\U e } is an open cover of X which refines ^2^. Sinceg e 
n^P{y, xq) by assumption, ^ is a product of generators of the form [a][yi][y2][«] 
where[a] e Xandy,- : [0,1] ^ p-^{St{Ui,N{'^))) for Ui e^^,i = 1,2. Notep-^-oa 
isapathin|N('^)|basedatUowithp<a-(a(l)) e St{Ui,N{'^))nSt{U2,N{'^)) and 
p^/ ° y, : [0,1] ^ Sf(U;,N(^)) for i = 1,2. Thus if ^ = {St{U,N{'^))\U e ^\ is 
the cover of |N('^)| by open stars, then 

P^y.([«][yi][y2][a]) = \p^M ° a\{p^/ o yi][p^y o y2][p9/ ° a] 



is a generator of n^P{,y, Uq). But it is observed in Example 11 that n^f{,y, Uo) = 
1. Since generators multiplying to g lie in the subgroup kerp^^, of 7ii(X,Xo)/ so 
does g. □ 

In the non-locally path connected case, the inclusion n^P(X,xo) £ ker^x 



need not be equality; a counterexample is given later in Example 37 

The following theorem calls upon the theory of paracompact spaces. Recall 
if is an open cover of X and x e X, the star of x with respect to is the union 
St{x,'W) = U!'-^ ^ '^/\x e U]. A barycentric refinement of is an open refinement 
1^ of such that for each x e X, there is a U e with St{x, f) c U. It is 
known that a Ti space is paracompact if and only if every open cover has an 
open barycentric refinement [8 5.1.12]. 

Theorem 13. ifX is T\ and paracompact, then n^''(X,Xo) - 7t^''(X,Xo)- 

Proof. We apply the second statement of Proposition |9] Given an open cover 
of X take 1^ to be a barycentric refinement of Suppose g = [«][yi][y2][«] 
is a generator of n^P(y,Xo) where [a] e X and y, : [0,1] V, for V, e Y, 
i = 1,2. Since a(l) e Vi n 1^2 arid f is chosen to be a barycentric refinement, 
we have Vi U ^2 £ St{a{l), f) Q U for some U e . Note yi * y2 is a loop in 
U based at a(l) and g = [a][yi * y2][«]- Thus g e n^P{'W,xo) and the inclusion 
nSp(r,xo) £ n^P{'^,xo) follows. □ 

Corollary 14. IfXis metrizable, then n'^P{X,xo) = 7T^P(X,xo). 



4 Thick Spanier groups and ^ -homotopy 

While the definition of the thick Spanier group Tl^P{^, xq) in terms of generators 
is often convenient, it is desirable to characterize generic elements. We do this 
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by replacing homotopies as continuous deformations of paths with finite step 
homotopies through open covers. This approach is closely related to that of 
Dugundji in [5J and differs from the notions of ^-homotopy in [15J and IIT6ll . 

Fix an open cover of X and define a relation on paths in X. If 
a,/3 : [0, 1] X are paths in X, let a -o-^ /3 when a(0) = ^3(0), a(l) = jS(l), and 
there are partitions = flo < < ■ ■ ■ < - 1 arid = < < ■ ■ ■ < - 1 and 
a sequence U\,...,U„ e of open neighborhoods such that a([fl,_i,fl/]) c (J; 
and j5{[bi-i, bj]) c Ji, for / = 1, n. Note if Y is an open refinement of then 
a ~y /3 => a /3. 

Definition 15. Two paths a and jS in X are said to be -homotopic if a(0) = |S(0), 
a{l) = /3(1), and there is a finite sequence a = Yo,yi, —rYn = jS such that 
Yj-i ~^ Yj for each = 1,2, ...,n. The sequence Yo,Y'^' —'Yn is called a ^- 
homotopyfrom a to /3. If a loop a is ^-homotopic to the constant path, we say it 
is null-^-homotopic. 

Note ^-homotopy defines an equivalence relation on the set of paths 
inX. 

Lemma 16. If two paths are homotopic (rel. endpoints), then they are 'W-homotopic. 

Proof. Suppose a, j8 are paths in X with a(0) = jS(0)anda(l) = jS(l)andH : [0,l]x 
[0, 1] ^ X is a homotopy such that H(s, 0) = a(s), H(s, 1) = ^(s), H(0, t) = a{0), 
and H(l, t) = j3(l) for all s, f e [0, 1]. Find an integer n > 1 such that for each 

square S;,y = I] X [!^, i,] e {1,2, ...,n], H(S,,^) c LJ,^ for some U,,j e 
Let Yj be the path which is the restriction of H to [0, 1] x [j/n]. We have a = yo/ 
P = Yn, and }'y_i yy for each / - 1,2, and thus a -^^ jS. □ 

Observe that '^-homotopy respects inversion and concatenation of paths in 
the sense that if a -<!// /3 and a' -^i^ f>' then a |S and a* a' /3 * j3' when 
the concatenations are defined. 



Since inessential loops are null-"^ -homotopic by Lemma 16 the set ,Xq) 
of null-^ -homotopic loops is a subgroup of 7Ti(X, Xq)- In fact, ,Xq) is normal 
in 7Ti(X,xo) since, if a is null-"^ -homotopic and [/3] e 7ii(X,xo)/ then 

We now compare n^''(^,Xo) and v(^,Xo) as subgroups of 7ii(X,Xo). 

Lemma 17. Suppose ^ is an open cover ofX consisting of path connected sets. If a 
and jS are ^-homotopic paths with a{0) = xo = /3(0), then [a * jS] e ri^''{^ ,xo). 

Proof. First, consider the case when a jS. Takeopenneighborhoods Ui, Lf,, e 

and partitions = ao < ai < ■ ■ ■ < a„ = 1 and = f'o < < ■ ■ ■ < = 1 such 
that a([fl,-i,fl,]) c U, and jS([t',_i,t',]) c (J,. Since Lf, is path connected, there are 
paths e, : [0,1] Ui from a(a,) to jS(f7,) for f = l,...,n - 1. Additionally, there 
are paths 6, : [0, 1] U,+i from to |3(b,) for f = 1, ...,n - 1. Let 6o be the 
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constant path at xq and £„ be the constant path at a(l) = |3(1). Observe e, * 6, is 
a loop in U, U based at for f - 1, - 1. 

Let a, and jS; be the paths given by restricting a and /S to «,] and [&,-!, 
respectively. Note the following paths gi are generators of tt^P('^,xo): 



2. = [jSi * iS2 * ■ ■ • * iS,-i][6,-i * ai * e, * |3,][/3i *^2*---* ^i-i] for ; = 2, n - 1 



3- g« = [jSi * ■ ■ ■ * jS„-i][6„-i * a„ * jS„][jSi * ■ ■ ■ * j3„_i] 

Since 7i'^P('^,Xo) £ U^^i'^ ,Xq), we have e n^P{'W,Xo) for f = l,...,n. Addi- 
tionally, for f = 1, ...,n - 1, 



is a generator of Tl^P{'^,xo). Note 

[a * ^] = [ai][a2] • ■ ■ [a«][iS„] ■ • • lliiWil = gihgihi • • ■ gn-iK-ign 

and thus [a*p]e n^P{'W,xo). 

For the general case, suppose there is a '^^-homotopy a - yo/yi/ ■•■/}'« = j8 
where yy-i for each j - 1,2, ...,n. The first case gives * y;] e 

n^P('^,Xo) for each f = 1, ...,n and thus 

[a*'^] = [yo * yT][yi * y^] . . . [y„-i * f;,] e nSP(^,xo). 



Theorem 18. For ecery open cover ^ , n^P(^,xo) £ v(^,xo)- Moreover, ij ^ 
consists of path connected sets, then n^P(^,xo) = v('^,xo). 

Proof. Since v('2<,xo) is a subgroup of 7ii(X,xo)/ the inclusion ,xq) c 

v{'W ,Xq) follows from showing v{'^ ,Xq) contains the generators of ,Xq). 
Suppose [/^] = [a][yi][y2][«] is such a generator where y, has image inUi e'W . 
We claim if jS = a * yi * y2 * «/ then jS a * a. 

Find a sequence of neighborhoods V\, ...,Vn e and a partition = Sq < 
Si < • • ■ < s„ = 1 such that a([sy_i, sy]) c Vj. Since a(l) e Ui n IJ2 we may assume 
«([s„-i,l]) £ !ii n LJ2. 

For c > 0, let Lc : [0,1] [0, c] be the order-preserving, linear homeo- 
morphism. Define a partition = t^ < ti < ■ ■ ■ < t2n = 1 hy tk - Li/2{S]() 
if < k < n - 1, tn = 1/2, and tk = 1 - Li/2(s2„-;c) for n + 1 < k < 2n. 
Rewrite the sequence Vj, V„-i, Uj, !J2/ ■•■/ Vj in as Wi, W2„. Note 
a * tk]) c Wfc for k = l,..., 2n. 

Define a partition = rg < ri < ■ ■ ■ < r2„ = 1 by rj; = Li/4(s;f) if < A: < n - 1, 
r„ = 1/2, and rk = 1 - Li/4{s2n-k) fov_n + 1 < k <2n. Note fi{{rk-i,rk\) £ 
for A: = l,...,2n and thus /3 ~£>;/ a * a. Since a * a is an inessential loop, |S is 



null-^-homotopic by Lemma 16 



In the case that ^ consists of path connected sets, note that if a is a null-*^ 



homotopic loop based at xq, then [a] = [a*CxJ e TI^^{'^,xq) by LemmallTl This 
gives the inclusion v(^,xo) £ Tl^^C^ ,xo). □ 
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5 A Cech-Spanier short exact sequence 

The following theorem, which identifies the kernel of the homomorphism 
p^g/, : 7Ti(X,Xo) Uo) for certain covers is the main technical 

achievement of this paper. 

Theorem 19. Suppose , LTq) e A is such that consists of path connected sets 
and pa/^ : X \N{'^)\ is a canonical map. The sequence 

1 > nSp('^,xo) 7ii(X,xo) ■ni(\N('^)\, Uo) > 1 

where f^;/ fs inclusion is exact. 

The above theorem is proved in the following three subsections in which 
the hypotheses of the statement are assumed; exactness follows from Theorems 
|24j|26]and|34] Note if {f, Vq) e A is a normal refinement of i"^, Uq), where f 
also consists of path connected sets and py : X ^ \N{y)\ is a canonical map, 
then there is a morphism 

1 > n^nr,xo) 7ii(x,xo) 7ii(|N(r)|, Vo) > i 



1 > nSP(^,Xo) — ^ 7Ii(X,Xo) 7Tl(|N(^)|, Uo) > 1 



of short exact sequences of groups where the left square consists of three inclu- 
sion maps and (at least) one identity. 

Corollary 20. Suppose X is paracompact Hausdorjf and A' is a directed subset of 
A such that if {^^ ,Uq) e A', then contains only path connected sets. There are 
level morphisms of inverse systems i : (Tl^Pi^ ,xo),i^y,A') {ni{X,xo),id,A')and 
p : (mix, xo), id, A') {ni{\N{'^)\,Uo),P'i^r*,A') such that 

1 > nSP('^,Xo) 7Ii(X,Xo) TiidNC^)!, Uo) > 1 

is exact for each {'^, Uo) e A'. Moreover, 

1 > (nSp('^,xo),f^r, A') > (7Zi(X,xo),frf, A') 



> (7Tl(|N('^)|, Uo),p.^^., A') > 1 

is an exact sequence in the category of pro-groups. 

Proof. The level sequences, i.e. the sequences for each element of A', are exact by 
Theorem 19 This gives rise to the exact sequence in the category of pro-groups 
ma Ch. II, §2.3, Theorem 10]. □ 
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Theorems [18] and 19 combine to give a characterization of kerp^, in terms 
of the "^-homotopy of the previous Section. 



Corollary 21. If^ consists of path connected sets and a : [0,1] ^ X is a loop based 
at Xo, then [a] e kerp^, if and only if a is null-'^ -homotopic. 

5.1 Surj activity of p^^. 

Lemma 22. Let K be a simplicial complex and L,L' : [0,1] \K\ be loops where 
L(0) = Zi = L(l) and L'(0) = Z2 = If there are vertices Vi,V2, ■■■,v,„ e K and 

partitions 

= So < si < S2 < ■ ■ ■ < Sm = 1 and = to < ti < t2 < ■ ■ ■ < t„, = 1 

such that L{[sk-i,Sk]) U L'{[tk-i,tk]) c St{vk,K)for each k = 1,2, ...,m, then L and L' 
are freely homotopic in \K\. Ifzi = z^, then L and L' are homotopic rel. basepoint. 

Proof. Since a non-empty intersection of two stars in a simplicial complex is 
path connected, there is path : [0,1] St{vk,K) n St{vk+i,K) from L{sk) to 
L'{tk) for k = l,...,m - 1. Let yo = ym be a path in St{v„„K) n St{vi,K) from Zi 
to Z2- Each loop L|[gj j^s^j * y^ * L'|[fj j^f^] * yk-i, k - 1, ...,m has image in the star 
of a vertex and is therefore inessential. Thus L and U are freely homotopic. If 
Zi = Z2, the same argument produces a basepoint-preserving homotopy when 
we take yo ~ ym to be the constant path at zi = 22. □ 

Lemma 23. If ^ consists of path connected sets and E = [Ui, U2] * [U2, U3] * ■■■ * 
[U„-i, U„] is an edge loop in \N{^)\ such that Ui = Uq = Un, then there is a loop 
a : [0, 1] ^ X based at xq such that L = pa// o a and E are homotopic rel. basepoint. 

Proof. Since each Uj is path connected and Uy n Uj+i + 0, there is a loop 

a : [0,1] X based at xq such that '^^([ir/i!]) £ ^ for each ] = l,...,n. We 
claim E is homotopic to L = p^/^ o a. 

Recall Vu = p-){St{U,N{'W))) c U for each !J e so that r = {Vu\U e ^) 
is an open refinement of Consequently, for each j - 1, ...,n, there is a sub- 
division — = s° < < ■■ ■ < s'"' = ^ and a sequence W^,...,W"'' e such 
that a([s':~^,s'^]) c Vy^k c W*^ for k = 1, ...,mj. We may assume Wj' = Wi^^ for 

= 1, ...,n - 1 and, since xq e Vuo, we may assume = Uo = W™". Note that 
i'([s-"\sp cSf(W^^,NC^)). 

Define an edge loop L' based at the vertex Uq as 

{'^Z'lK wj-i]) ..... {*';;rMr K''^) h"=T'[^«' ^«'']) 

To see U is homotopic to L, observe the set of intervals [s*~^,s^], and con- 
sequently the set of neighborhoods W^, inherits an ordering from the natural 
ordering of [0,1]. Suppose the intervals[s':~^,s*] are ordered asAi,...,Ajv £ [0,1] 
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and the neighborhoods are ordered as if i, ...,iyivSOthatL(A^) c St{zve,N{'^)). 
For i = 1,...,N - 1, let be be the barycenter of [w(,we+i]. Find a partition 
= to < h < ■■■ < In = 1 such that L'{[te.i,te]) c St{wf,N{'^)) for { = 1,...,N 
by choosing t( so that L'{tc) = bf for { = 1, ...,N. Lemma [22] applies and gives a 
basepornt preserving homotopy between L and L'. 

It now suffices to show the edge loops L' and E - [Ui, U2] * [U2, U^] * 
■ ■ ■ * [Un-\, U„] are homotopic. We do so by showing L' * E is homotopic to a 
concatenation of inessential loops based at Uq. First, for each j = l,...,n, let 
Ej = [Ui, U2] *■ ■■ * [Uj-i, Uj]. Observe Ei = [Ui, Ui] is constant and E„ = E. 

1. For i = 1, ...,n and k = 1, ...,mj - 1, let 

fl^ = Ej * [Uj, ]N)] * []N), ]Nf^] * []Nf\ Uj] * Tj. 

These loops are well-defined and inessential since Uj D n W^"^^ 
determines a 2-simplex in N{'W). Even in the case two or more of Uj, W*^, 
Yjk+i ^j.g gquai^ jg g^jjj inessential. 

2. For 7 = l,...,n-l, let 

bj = Ej * [Uj, W'p] * [Wj', Uj^i] * [Uj^i, Uj] * Ej. 

These loops are well-defined and inessential since Uj n W ' n Uy+i + 0. 
Therefore the product 

is inessential. We observe p is homotopic to L' * E by reducing words. Indeed, 
for each ; - l,...,n - 1, ^a^^ * bj reduces to 

Ej * [Uj, w]] * (*Z'lv^r wf']) * l^T' ^'^''^ * ^ 

and the last factor {*'l':~^a''„) reduces to E„_i * [(J„, W^] * {*l':~\wl Wj+i]) * E^ 
(recall that W™" = Uo = U,,)- Using the fact that = Ui = ;j„ and Wj'' = Wj^j 
to identify constant paths, it follows that p reduces to L' * E„ = L' *E. □ 

Theorem 24. if C"^, !io) ^ ^ zfiiere consists of path connected sets and : X — > 
|N('^)| fs a canonical map, then pq^, is surjective. 

Proof. Since edge loops in \N{^)\ represent allhomotopy classes in tii{\N{'^)\, Uq), 
the theorem follows from Lemma [23] □ 
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5.2 nSP(^,Xo) c kerp<2^. 

The flavor of the proof of the following Lemma is quite similar to that of Lemma 



23 but holds when the elements of are not necessarily path connected. 



Lemma 25. Let he an open cover ofX. Suppose 71,72 paths in X such that 
7i(l) = 72(0) and 7i(0) = 72(1)- Ifyt has image in U/ e , then L = o (71 * 72) 
is an inessential loop in |N('^)|. 

Vroo^. We again use that Y = {Vu = p~j{St{U,N{'W)))\U e is open refine- 
ment of Find partitions = s° < < ■ ■ ■ < s"'' = ^ and ^ = s° < s^ < ■■■ < 
s™' = 1 and a sequence of neighborhoods W^, W^, W"^ e ^ such that 
7/([s-"\sp) c Vj^, c W'^ for 7 = 1,2 and k = l,...,OTy. Since 7i(0) = 72(1), we 

may assume = W™^ and since 7i(l) = 72(0), we may assume W"'^ = W^. 
Observe that L([s^-i,sp c St{W'^,N{'^)). 

Let L' be the loop defined as the concatenation 
Find a partition 

o = t°<t\<---<t'i" = t°<tl<---< = 1 



such that L'([f^'-\ f*]) c Sf(W^,N('^)). By Lemma 22 L and L' are freely homo- 
topic. 

It now suffices to show L' is inessential. We do so by showing L' is ho- 
motopic to a concatenation of inessential loops. First, let £1 = [Wj, Ui] and 
E2 = [Wl,Ui]*[Ui,U2]- 

1. For A: = 1, - 1, let 

a\=Ei* [Ui, W\] * [W\, W^-^i] * [W\-'\ Ui] * Ti. 

2. Let fci = El * [LIi, >] * [W^ U2] * [U2, !ii] * E[. 

3. For k = 1, m2 - 1, let 

4 = £2 * [!i2, W^] * {]N\, * [W^+i, U2] * T2. 

4. Let &2 = £2 * [U2, Wj] = [W|, LTi] * [!Ji, LJ2] * [!i2, Wj]. 

Note the loop flj is well-defined and inessential since Ui n n W^"^^ + 
determines a 2-simplex in N{^/). Similarly, the loops defined in 2.-4. are 
well-defined and inessential. 
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Consequently, the concatenation 

is an inessential loop based at Wj . We observe p is homotopic to L' by reducing 
words. Indeed, * reduces to (*'^^~\w'l, W*+i]) * [W^, Uj] * £^ and 

(%T^4) * ^2 reduces to E2 * [(^2, W^] * (*™\"^[W^, W^+i]). □ 

Theorem 26. If {^,Uo) e A and : X ^ |N('^)| fs a canonical map, then 
nSp('^,Xo) ckerp^.. 

Proof. Suppose g = [a][}'i * y2][a] is a generator of Tl^P{^, Xq) where y,- is a path 
with image in ii; e ^ . Since = o o (yj f- y2)][pf/ ° «] and 

o (yi * ^2) is inessential by Lemma [25) P'?/*{g) is trivial in 7Ti(|N('^)|, Uq)- ^ 

5.3 kerp^/» c nSp(^,xo) 

To show the inclusion kerp^, c n^P('^,Xo) holds under the h5^otheses of 



Theorem 19 we work to extend loops {dAzl X to maps on the 1-skeleton of 



subdivisions of IA2I. 

Definition 27. An edge loop L is short if it is the concatenation L = [i^O/^^i] * 
[ci,C2] * [C2/C3] of three linear paths. A Spanier edge loop is an edge loop of the 
form E*L*E where £ is an edge path and L is a short edge loop. 

Lemma 28. Let H be a subgroup of 7Ti(X,xo) i^nd n > 1 be an integer. Let f : 
(srf"|A2|)i Xbeabasedmaponthel-skeletonofsd"\A2\,andfi = /I15A2I ■ l<^A2| X 
be the restriction. If[foa] e Hfor every Spanier edge loop a in srf"|A2|, then [/3] e H. 

Proof. It follows from elementary planar graph theory that 7ii((sd"|A2|)i,(0, 0)) 
is generated by the homotopy classes of Spanier edge loops. Thus if [/ o cj] e H 
for every Spanier edge loop o in sd"|A2|, then /,(7ii((sd"|A2|)i,(0, 0))) c H. In 
particular [^] eH. □ 

Let sd^\dA2\ be the first bary centric subdivision of |5A2|. The 0-skeleton 
consists of six vertices: Let Ci,C2,C3 be the vertices (0,0), (1,0), (0,1) of |5A2| 
respectively and m, be the vertex which is the barycenter of the edge opposite 
Vi for i = 1,2,3. 

Definition 29. Let be an open cover of X. A map 6 : |5A2| — > X is "W- 
admissible if there are open neighborhoods Ui, U2, U3 e such that H; Ui + 
and b(St{vusd\dA2^) £ for i = 1,2,3. 

Remark 30. The condition 5{St{vi,sd^\dA2\)) £ U, in the previous definition 
means precisely that 6{[vi,m2\ U [171,^3]) c Ui, 6{[v2,mi] U [V2,ms]) c U2, and 
£>{[v3,mi] U [V3,m2]) c U3. 
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Lemma 31. Let be an open cover of X consisting of path connected sets. If 
6 : \dA2\ — > X is '^-admissible and a : [0, 1] ^ X is a path from xq to b{vi), then 
[amm e nSp('^,xo). 

Proof. Since 6 : |5A2| ^ X is -admissible there are sets Ui, U2, U3 e ^ such 
that n, contains a point z and 6{St{vi, |^A2|)) £ U, for i = 1, 2, 3. 

Whenever j,k e {1, 2, 3} and j + k, let yj ^ be the path which is the restriction 
of 5 to [Vj, vik]. With this notation 

[6] = [yi,3][y23][y2,i][y3l][y3,2][7u]. 

Note Im{yj^k) £ Uj for all choice of i,k. Thus if i,k,l e {1,2,3} are distinct, the 
endpornt of yj^k lies in Uj n IT;. 

Define six paths in X: Whenever j, k e {1, 2, 3} and j + k, let r]jif be a path in 
Uj from 6{mk) to z. Such paths are guaranteed to exist since each element of ^ 
is path connected. Now given any path a : [0, 1] ^ X from Xq to 6{vi) let 



C: 



^1 = [«] [yi,3 * m,5 *Tiu* Yvi] [«] 

;2 = [a * yi,2 * 7]l,2][7]u][']2,3][« * 71,2 * r?l,2] 

^3 = [a * 7l,2 * 7]l,2 ] [jT^i * y23 * y 2,1 * 'J^l ] [« * yi,2 * 7]l,2] 

C4 = [a * yi,2 * 7]l,2][7]2l][']3,l][« * yi,2 * ??1,2] 

Cs = [« * y 1,2 * 7]1,2 ] [7]3l * yij * y 3,2 * ']3,2 ] [« * yi,2 * 7]l,2] 

Ce = [« * yi,2][7]l,2][7]3^][« * yi,2] 

Note each d is written as a product to illustrate that Ci, C3, C5 e Ti^^i'^ and 
C2, C4, C6 e nSp(<^,xo). Since nSP('^,xo) c nSp(^,xo), we have C, e n^v{'^,xo) 
for each f. A straightforward check gives [a][6][a] = C1C2C3C4C5C6 and thus 
[a][6][a] e n^P{'^,xo). □ 

Lemma 32. -ff / : (sd"|A2|)i X is a map such that the restriction of f to the 
boundary dz of every 2-simplex t in sd"|A2| is "^-admissible and /3 = flisA^U 
[p] e nSp('^,xo). 



Proof. By Lemma 28 it suffices to show [foo] e n^''(^, xq) for any Spanier edge 
loop a in sd"|A2|. Suppose a - E *L*E is such a Spanier edge loop where £ is 
an edge path from (0, 0) to a vertex of dz and L is a short edge loop traversing 
dz. Let a = f o E and 6 = / o L. Since 6 is "^-admissible by assumption, 
[/ o ct] = [a][6][a] e U^P{'^,xo) by Lemma 
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□ 



Lemma 33. Suppose {'^ , Uq) g A where ^ consists of path connected sets and 
P"2r : X |N('^)| is a canonical map. If f> : |(9A2| X is a loop such that 
[jS] e kerp<5^„ f/zen f/zere exfsfs an integer n > 1 and an extension f : (sd"|A2|)i X 
of such that the restriction of f to the boundary dx of every 2-simplex t in sd"|A2| is 
-admissible. 

Proof. Since p<a/OjS : |(9A2| IN^^)! is a null-homotopic loop based at the vertex 
LTo, it extends to a map h : IA2I \N{'^)\. Since, by the definition of p^, we 
have Vu = p^^iStiUNi"^))) c U for each U e the cover r = {Vu\U e "7/\ is 
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an open refinement of '2^. Additionally, if = ?z"^(St(U,N('^))), the collection 
W = {Wu\U e is an open cover of IA2I. 

Following Theorem 16.1 (finite simplicial approximation) in [19J, find a 
simplicial approximation for h using the cover let A be a Lebesgue number 
for W so that any subset of IA2I of diameter less than A lies in some element 
of Choose an integer n such that each simplex in sd"|A2| has diameter less 
than A/2. Thus the star Sf(fl, sd"|A2|) of each vertex a in sd"|A2| lies in a set Wu„ 
for some Ua & The assignment a h-> Ua on vertices extends to a simplicial 
approximation h' : sd"A2 — » N{^) of h, i.e. a simplicial map h' such that 

h{St{a,sd" A2)) c St{h'{a),N('^)) = St{UaM"^)) 

for each vertex a fW. Lemma 14.1]. 

We construct an extension / : (sd"|A2|)i ^ X of jS such that the restriction of 
/ to the boundary of each 2-simplex of sd"|A2| is ^-admissible. First, define / 
on vertices: for each vertex a e (sd"|A2|)o, pick a point f{a) e Ua- In particular, 
if fl is a vertex of the subcomplex sd"|^A2| of (srf"|A2|)i, take f{a) = ji{a). This 
choice is well defined since whenever a e sd"|^A2|, we have p-^r ° iS(fl) = h{a) e 
St{Ua,N{'W)) and thus jS(fl) e Vy, £ 

Observe if [a,b,c] is any 2-simplex in sd"A2, then h'{[a,b,c]) is a simplex of 
N(^) spanned by the set of vertices {Ua,Ub,Uc] (possibly containing repeti- 
tions). By the construction of N{'^), the intersection Ua n U/, n Uc is non-empty. 

Extend / to the interiors of 1-simplices of (sd"|A2|)i; to define / on a given 
1-simplex {a, b], consider two cases: 

Case I: Suppose 1-simplex [a,b] is the intersection of two 2-simplices in 
sd"|A2|. Extend / to the interior of [a, b] by taking f\ia,b] to be a path in Lfa U Lf;, 
from f{a) to f{b) such that if m is the barycenter of [a, b], then /![«,;,]([«, m]) c Ua 
and f\[a,b]{[m, b]) c Lff,. Such a path is guaranteed to exist since Ua, Ub are path 
connected and have non-trivial intersection. 

Case II: Suppose 1-simplex [a, b] is the face of a single 2-simplex or equiva- 
lently that [a, b] is a 1-simplex of sd"|^A2|. In this case, let f\[a,b] ~ Pla.b]- Again, 
note UanUbOUc ^ 0. Since St{a,sd" {Ail) £ Wu„ and St{b, sd" \A2\) c Wu„ we 
have 

o p{int{[a,b])) = mnt{[a,b])) £ St{Ua,N{'^)) n St{Ub,N{'^)). 

Thus ^{int{[a,b])) c Vu^ n Vy,, £ n Ub- Note if m is the barycenter of [a,b], 
then/([fl,m]) c Ua and f{[m,b]) c Ub- 

Now / : (srf"|A2|)i ^ X is a map extending jS such that the restriction of / to 
the boundary dz of every 2-simplex t in srf"|A2| is "^-admissible. □ 

Theorem 34. If{^, Uq) e A ivhere consists of path connected sets and po^ : X — > 
|N('^)| is a canonical map, then kerp^^, c H^V{'W ,Xq). 

Proof. The theorem follows directly from Lemma p2| and Lemma 33 □ 
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6 Characterizations of ker 



Theorem 19 allows us to characterize the kernel of the natural map '■ 
ni(X,xo) fii{X,xo) as the Spanier group 7i^''(X,xo)- 

Theorem 35. IfX is a locally path connected, paracompact Hausdorff space, then there 
is a natural exact sequence 

c 

1 V TV'P{X,Xq) > 7Ti(X,Xo) > 7ti(X,Xo) 

where the second map is inclusion. 

Proof. It suffices to show ker = 7i^''(X, xq). The inclusion 7t^''(X, xq) c ker ^x 
holds for arbitrary X; this fact follows from Propositions [9|and[l2| and is proved 
directly in [14|. Since X is paracompact Hausdorff, 7t^''(X,Xo) = n^P(X,Xo) by 



Theorem 13 Thus, it suffices to show ker ^x £ n^''(X, Xg). 

Suppose [j8] e kerM^x (equivalently [jS] e kerp^, for every (^, Wq) e A) 
and is a given open cover of X. It suffices to show [|S] e U^V{'^,xo). Let Vq 
be a path connected neighborhood of Xq contained in Wq. Every point x ^X\Vq 
is an element of some Ux & Let Vx be a path connected neighborhood of x 
contained in Ux which is disjoint from {xp}. Now Y = [Vq] U {Vx\x e X\yo} is an 
open cover of X which contains path connected sets, is a refinement of and 
such that there is a single set Vq having the basepoint Xp as an element. Since X 
is paracompact Hausdorff, V is normal and therefore (1^, Vq) e A. 



Since [jS] e kerpy, and kerp^, c n^P(l^,xo) by Theorem 19 we have [/3] e 
nSP(r,xo). Note that n^>'{r,xo) c n^P{^,xo) since r refines Thus []3] e 

nsp(^,xo). 

Regarding naturality, it is well-known that Wx is natural in X. Thus it suffices 
to check that if / : X ^ Y, /(xq) = yo is a map, then f,{n^P{X,xo)) £ n^P{Y,yo). 
This follows directly from RemarkjT] □ 

Corollary 36. If X is a locally path connected, paracompact Hausdorff space, then X 
is m-shape injective if and only ifn^P{X,XQ) = 1. 



Example 37. Theorem 35 fails to hold in the non-locally path connected case. 
A counterexample is the compact space Z c of [12] obtained by rotating the 
closed topologist's sine curve so the linear path component forms a cylinder 
and connecting the two resulting surface components by attaching a single arc. 
We have 7Ti(Z,zo) = Z and 7t^p(Z,zo) = 1, yet ker = 7ii(Z,zo). 



The identification 7i^''(X,xo) = ker ^x in Theorem 35 allows us to give two 
alternative characterizations of ker^x: one in terms of ^-homotopy (from 
Section |4| and one in terms of covering spaces of X. Here covering spaces and 
maps are meant in the classical sense [,20] . 

Corollary 38. Suppose X is a locally path connected, paracompact Hausdorff space 
and a : [0, 1] ^ X is a loop based at xq. The following are equivalent: 
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1. [a] eker^x 

2. For every open cover ofX, a is null-'W -homotopic. 

3. For every covering map r -.Y X, r{yo) = xq, the unique lift a : [0,1] ^ Y of 
a (i.e. such that r o a = a) starting at yo is a loop in Y. 



Proof (1. « 2.) By Theorems 13 and 35 we have n'^P(X,xo) = n^T{X,xo) = 



ker ^x- Since X is locally path connected, every open cover ^ admits an open 
refinement 'V whose elements are path connected and thus YpP{'V, xq) = v{Y, xq) 



by Theorem[l8| Since n^''(^/^o) = v{r,xo) for all r in a cofinal subset of 0{X) 
the equality rPP(X,Xo) = fl^^ v('^,Xo) follows. 

(1. <^ 3.) Since 7t^p(X,xo) = ker^x, we show 7i^P(X,xo) is the intersection 
of all images r,(7Ti(Y, i/o)) where r : Y ^ X, /"(yo) = xq is a covering map. 
This equality follows directly from the following well-known result from the 
covering space theory of locally path connected spaces (see Lemma 2.5.11 and 
Theorem 2.5.13 in |20|): given a subgroup H of 7Ti(X,Xo), there is an open cover 

oiX such that tt^''('2^, xq) c H if and only if there is a covering map r -.Y ^ X, 
r{yo) = xo with r,{ni{Y, yo)) = H. □ 

Example 39. Consider the Peano continua Y' and Z' of ||l2l constructed as 
subspaces of R'' (these spaces also appear as the spaces A and B in [4J re- 
spectively). The space Y' is constructed by rotating the topologists sine curve 
T = {(x,0,sin(l/x))|0 < x < 1} U {0} x {0} x [0,1] about the "central axis" (i.e. 
the portion {0} x {0} x [0, 1] of the z-axis) and attaching horizontal arcs so Y' is 
locally path connected and so the arcs become dense only on the central axis. 
The space Z' is an inverted version of Y' in the sense that T is now rotated 
around the vertical line passing through (l,0,sinl) and arcs are attached be- 
coming dense around the outside cylinder. Take the basepouit zq of Z' to lie on 
the outer cylinder. 

The authors of [12| observe both spaces have non-vanishing Spanier group 
and thus fail TCi-shape rnjectivity. The Spanier group of Y' is known to be 
non-trivial [12, Prop 3.2(1)], however slightly more effort is required to show 
a simple closed curve L, based at Zq, traversing the outer cylinder of Z' is ho- 
motopically non-trivial [T Lemma 3.1] and satisfies [L] e n^P(Z',ZQ). To do so, 
one can, given an open cover of X, look for small arcs in the intersections of 
elements of ^ and factor [L] as a product of generators of n^^{^,zo). 

Using the above results, we can observe [L] e tv'^{Z' ,zq) without hav- 
ing to construct explicit factorizations and without having to rely on conve- 
nient covers with "enough" arcs lying in intersections. For instance, to see 
[L] e 7i^P(Z',zo), let be an open cover of Z' and find a subdivision of 
= to < ti < ...tn = \ so L([f,_i,f,]) c (J, for Ui e and Ui = U„. There 
is an arc a connecting L(0) to the surface portion with image in ll\ and a loop 
L' on the surface portion based at a(l) such that L'([t,_i,i,]) c fj, for each /. 
Thus L is -homotopic to the homotopically trivial loop a*L' *a. Since [L] 
is null-^-homotopic for any given , we have [L] e ker^x = ^^''(•Z',20) by 
Corollary|38) 
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Remark 40. If, in addition to the h5^otheses on X in Theorem 35 A admits 
a cofinal, directed subsequence {^n, U„) where (^t+i, LJ;c+i) refines C^k, Uk) (for 



instance, when X is compact metric), the exact sequence in Theorem 35 extends 
to the right via the first derived limit lim^ for non-abelian groups fl6l Ch. II, 
§6.2]. In doing so, we obtain a connecting function 6 and an exact sequence 

1 ^ 7tSP(X,Xo) > 7Ii(X,Xo) 7tl(X,Xo) Hm^ n^P{^n,xo) > * 



in the category of pointed sets. Thus elements in the image of are precisely 
those mapped to basepoint of the first derived limit of the inverse sequence 

... c nS''(^3,xo) c n^p{'^2,xo) c n^pm,xo) 

of thick Spanier groups. 



7 A shape group topology on ni{X, Xq) 

For a general space X, the fundamental group 7Ti(X,Xo) admits a variety of 
distinct natural topologies [1, 2, 10 1, one of which is the pullback from the 
product of discrete groups |j9j|T8l described as follows. 

By definition, the geometric realization of a simplicial complex is locally 
contractible. Hence the inverse limit space 7ri(X,Xo) admits a natural topology 
as a subspace of the product of discrete groups nAni{\N{^^)\, Uq)- 

Toimpartatopologyon7Ti(X,Xo)/recallthehomomorphism^x : ti\{X,Xo) — > 
Tti(X,xo) and declare the open sets of 7Ti(X,xo) to be precisely sets of the form 

( W) where W is open in ttj (X, xq) • We refer to this group topology on m (X, xq) 
as the shape topology. 

The space 7ti(X, xq) is Hausdorff (since Tti(X, xq) is a subspace of the arbitrary 
product of Hausdorff spaces). Hence, if ipx is one-to-one, then 7Ti(X,xo) is 
Hausdorff (since in general the preimage under a continuous injective map 
of a Hausdorff space is Hausdorff). Conversely, if ipx is not one-to-one, then 
7Ti(X,Xo) is not Hausdorff (since, with the pullback topology, if x y and 
4>x{x) = 4'xiy) then x and y cannot be separated by open sets). The foregoing is 
summarized as follows. 

Proposition 41. The following are equivalent for any space X: 

1. Xis m-shape injective. 

2. Tii{X,xo) is Hausdorff. 

We characterize a basis for the shape topology using the short exact se- 
quences from Section |5] 

Remark 42. Note if G is a topological group, H is a subgroup of G, and X is a 
subgroup of H which is open in G, then H is also open in G since H decomposes 
as a union of open cosets of K. 
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Lemma 43. IfX is locally path connected, paracompact Hausdorff, then for every open 
cover '^i/ ofX, both n^f{^// ,xq) and n^P{'^,xo) are open in ni{X,xo). 

Proof. Suppose is an open cover of X. Pick a set Uq & ^ such that xq e (ig- 
Since X is locally path connected, paracompact Hausdorff, there exists {Y, Vq) e 
A refining , Uq) such that Y consists of path connected sets (e.g. see the the 
second paragraph in the proof of Theorem [35). Let : X \N{y)\ be a based 
canonical map. Recall ni{\N{Y)\,Vo) is discrete and observe p r* '■ 7Ti(X,xo) ~* 
ni(\N{Y)\,Vo) is continuous. Additionally, 11^^(1^, Vq) = kerpy, by Theorem 
Thus ri^P{y, Vq) is an open subgroup of 7Ti(X,xo). Since Y refines we 



19 



have TI^P{Y,xq) c n^P{^,xo) and thus n^P^W , Xq) is open by Remark 
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Since X is paracompact Hausdorff, there is an open refinement W oi'^l/ such 



that n^P(#',xo) £ 7T^P('^,xo) (See the proof of Theorem [Tsf. By the previous 
paragraph, Y^P(iY ,xq) is open. Thus tv'P{^ ,xq) is open by Remark < 
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Theorem 44. If X is locally path connected, paracompact Hausdorff, the set of thick 
Spanier groups n^f{'^,XQ)form a neighborhood base at the identity o/7Ti(X,xo)- 

Proof. The hypotheses on X allow us to replace A with the cofinal directed 
subset A' consisting of pairs (^, Uq) such that ^ contains only path connected 
sets. We alter notation for brevity. For A - (fk , Uq) e A', let e^ be the identity 
of Ga = 7Ti(|NC^)|,Uo)- Additionally, let Sa = Tl^P{'^,Xo), and p,x = p^^, : 
7ii(X,Xo) G,\. If A' > A in A', let Paa' : Ga' — > Ga be homomorphism 
induced by the projection. Thus Tti(X,xo) - lim(GA,pAA'/ A') c Ha' Ga and 
Wx{a) = (pa(«)). ^ 

In 7Ti(X, Xq), a basic open neighborhood of the identity is of the form 



7ri(X,Xo)n [QleAlx J] Ga 



,A6f AeA'-F 



where F is a finite subset of A'. Therefore the sets V^^( Wf ) form a neighborhood 
base at the identity of 7ii(X,xo)- 



By Theorem 19 Sa = kerpA for each A e A'. Thus ^^^(Wf) = ClAepSA for 
each finite set F c A'. For given F, take /i e A' such that /.i refines A for each 
A e F. This gives S,, c ^"^(Wf). Consequently, the open subgroups Sa for a 
neighborhood base at the identity. □ 

Corollary 45. IfX is locally path connected, paracompact Hausdorff, the set of Spanier 
groups n^P{'^ ,Xo)form a neighborhood base at the identity o/7Ti(X,Xo)- 



Proof. By Theorem 44 the thick Spanier groups Ti^i'{'9/ ,Xq) form a neighbor- 
hood base at the identity of 7Ti(X,xo)- For every open cover ^ of X, the 
Spanier group n^P{^/,XQ) is an open subgroup of tti(X,xo) by Lemma 43 and 



n^P{'^,xo) c n^P{'^,xo) by Proposition [5| Thus the Spanier groups n^P{'^,xo) 
form a neighborhood base at the identity. □ 

The basis in Corollary [45[ shows the shape topology on tii(X,xo) consists 
precisely of the data of the covering space theory of X. 
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Theorem 46. Suppose X is locally path connected, pamcompact Hausdorjf and H is a 
subgroup o/7Ti(X, xo). The following are equivalent: 

1. H is open in Tii{X, Xq). 

2. There is an open cover ofX such that n^^{'W ,xq) c H. 

3. There is a covering map r -.Y ^ X, r{yo) = Xq such that r,(7Ti(Y, i/o)) = H. 

Proof. (1. « 2.) follows directly from Corollary [45| and Remark |42| (2. « 3.) 
is a well-known result from covering space theory (used above in the proof of 
Corollary|38]|. □ 

Thus the well-known classification of covering spaces can be extended to 
non-semilocally simply connected spaces in the following way: If X is locally 
path connected, paracompact Hausdorff, then there is a canonical bijection 
between the equivalence classes of connected coverings of X (in the classical 
sense) and conjugacy classes of open subgroups of Tri(X,xo) with the shape 
topology. 
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